An equitable (t, k, d)-tree-coloring of a graph G is a coloring to vertices of G such that the sizes of any two color classes differ by at most one and the subgraph induced by each color class is a forest of maximum degree at most k and diameter at most d. The minimum t such that G has an equitable (t ′ , k, d)-tree-coloring for every t ′ ≥ t is called the strong equitable
Introduction
All graphs considered in the paper are finite, simple and undirected. We use V(G), E(G), δ(G) and ∆(G) to denote the set of vertices, the set of edges, the minimum degree and the maximum degree of G, respectively. is a vertex of degree k, at least k and at most k, respectively. If uv ∈ E(G) and d(u) = k, then we say that u is a k-neighbor of v; k − -neighbor and k + -neighbor can be similarly defined. For other undefined concepts we refer the reader to [1] .
We associate positive integers 1, 2, · · · , t with colors, and call f a t-coloring of G if f is a mapping from V(G) to {1, 2, · · · , t}. 
⌉.
A t-coloring of G is proper if every two adjacent vertices have the different colors. The smallest number t such that G has a proper equitable t-coloring, denoted by χ = (G), is the equitable chromatic number. Note that a proper equitable t-colorable graph may admit no proper equitable t ′ -colorings for some t ′ > t. For example, the complete bipartite graph H := K 2m+1,2m+1 has no proper equitable (2m + 1)-colorings, although it satisfies χ = (H) = 2. This fact motivates us to introduce another interesting parameter for proper equitable coloring. The equitable chromatic threshold of G, denoted by χ ≡ (G), is the smallest integer t such that G has proper equitable colorings for any number of colors greater than or equal to t. In 1970, Hajnal and Szemerédi [7] answered a question of Erdős by proving that every graph G with ∆(G) ≤ r has a proper equitable (r + 1)-coloring. In fact, Hajnal-Szemerrédi Theorem implies χ ≡ (G) ≤ ∆(G) + 1 for every graph G. In 2008, Kierstead and Kostochka [9] simplified the proof of Hajnal-Szemerrédi Theorem, and moreover, they [8] 
The above two conjectures have been confirmed for many classes of graphs, such as graphs with ∆ ≤ 3 [4, 5] or ∆ ≥ |V(G)| 3 + 1 [4, 5, 18] , bipartite graphs [11] , outerplanar graphs [18] , seriesparallel graphs [17] and planar graphs with ∆ ≥ 9 [13, 15] . There are other related results, see [14, 19] .
In [6] , Fan, Kierstead, Liu, Molla, Wu and Zhang first considered relaxed equitable coloring of graphs. They proved that every graph has an equitable ∆-coloring such that each color class induces a forest with maximum degree at most one. On the basis of this research, we aim to introduce the notion of equitable (t,
] is a tree of maximum degree at most k and diameter at most d. Sometimes, a (t, ∞, ∞)-tree-coloring is called a t-tree-coloring for short. The (k, d)-vertex arboricity of G, denoted by va k,d (G), is the minimum t such that G has a (t, k, d)-tree-coloring. Indeed, the notion of (t, k, d)-tree-coloring is a uniform form of some familiar kinds of vertex coloring. For example, it is obvious that va 0,0 (G) = χ(G), va 2,∞ (G) = vla(G) and va ∞,∞ (G) = va(G), where χ(G) is the standard chromatic number, vla(G) is the vertex linear arboricity and va(G) is the vertex arboricity of G. It is also trivial that va k,d (K m,n ) = 2 for complete bipartite graph K m,n and integers k, d ≥ 0. In [3] , it was prove that the set of vertices of every planar graph can be partitioned into three subsets such that each subset induces a forest. This implies va ∞,∞ (G) ≤ 3 for every planar graph G.
and va
In Section 2, we investigate the strong equitable (k, d)-vertex arboricity of the complete bipartite graph K n,n by showing that va
2 ) for every k ≥ 2. In Section 3, we consider planar graphs and prove that va Proof. One can easily construct an equitable (t, k, d)-tree-coloring of K n,n by dividing each partite set into t/2 classes equitably and coloring the vertices of each class with one color. Theorem 2.2. If K n,n is a complete bipartite graph and k ≥ 2, then va
⌋, and furthermore, this bound is sharp.
Proof. By Lemma 2.1, in order to show va
⌋, we only need to prove that K n,n has an equitable (q, 1, 1)-tree-coloring for every odd q ≥ 2⌊
Let X and Y be the partite sets of K n,n and let e = xy be an edge of K n,n with x ∈ X and y ∈ Y. If q ≥ n, then color x and y with 1, divide each of X\{x} and Y\{y} into q− 1 2 classes equitably and color the vertices of each class with a color in {2, · · · , q}. One can easily check that the resulting coloring is an equitable (q, 1, 1)-tree-coloring of K n,n with the size of each color class being at most 2. Thus, we assume q < n. Suppose 2n = aq + r,
< 3, a ≤ 2. Now arbitrarily choose 3q − 2n vertex-disjoint edges from K n,n and color the two end-vertices of each edge with a color in {1, · · · , 3q − 2n}. Let X ′ and Y ′ be the uncolored vertices in X and Y, respectively. One can see
classes equitably and color the vertices of each class with a color in {3q − 2n + 1, · · · , q}. It is also easy to check that the resulting coloring of K n,n is an equitable (q, 1, 1)-tree-coloring with the size of each color class being either 2 or 3. Hence va
⌋. To show this bound is sharp, we investigate the graph G := K n,n with n = 3t + 2. If G has an equitable (2t + 1, 1, 1)-tree-coloring c, then the size of every color class in c is at least 3 because ⌈ 2n 2t+1
⌉ ≥ 4. This implies that there is no edge in G with its two end-vertices colored with the same color. Thus the vertices of every color class forms an independent set. Without loss of generality, suppose there are at least t + 1 colors appearing in X. We then have |X| ≥ 3(t + 1) = (3t + 2) + 1 = |X| + 1, a contradiction. This implies va
⌋ and thus va
⌋.
In the following we investigate the strong equitable (∞, k)-vertex arboricity of K n,n , where k ≥ 2. One can see that the diameter of every induced forest in K n,n is at most 2, so an equitable (∞, k)-tree-coloring of K n,n is equivalent to an equitable (∞, 2)-tree-coloring of K n,n , that is, va
Let K n,n be a complete bipartite graph with two partite sets X and Y. For a partial q-coloring c (not needed to be proper) of K n,n , let
We have the following lemma. Lemma 2.3. If K n,n is a complete bipartite graph with partite sets X and Y, where 2n = aq + r and 0 ≤ r ≤ a − 1, and c is a partial q-coloring of K n,n , then c is an equitable (q, ∞, 2)-tree-coloring of K n,n if and only if
Proof. Let V 1 , · · · , V q be the color classes of c. First suppose that c is an equitable (q, ∞, 2)-treecoloring of K n,n . Since 2n = aq + r, the size of each color class of c is either a or a + 1. It is easy to see that min{|V i ∩ X|, |V i ∩ Y|} ≤ 1 for every 1 ≤ i ≤ q, because otherwise we would find a 4-cycle in some color class V i , a contradiction. Thus
and the equations (2.1) and (2.2) hold accordingly. On the other hand, if equations (2.1) and (2.2) hold, then c is a q-coloring of K n,n and the size of each color class of c is either a or a + 1. Furthermore, we also have min{|V i ∩ X|, |V i ∩ Y|} ≤ 1 for every 1 ≤ i ≤ q. Hence c is an equitable (q, ∞, 2)-tree-coloring of K n,n .
Lemma 2.4. The complete bipartite graph K n,n with t(t + 3) ≤ 2n < (t + 1)(t + 4) has an equitable (q, ∞, 2)-tree-coloring for every integer q ≥ 2⌊ t+1 2
⌋.
Proof. By Lemma 2.1, we assume that q is an odd integer. This implies q ≥ t + 1. If 2n = aq + r, where 0 ≤ r ≤ a − 1, then the two integers a and r would have the same parity. Note that
Now we prove the following two useful inequations:
4). Similarly, if
q ≥ a − 1, then we would get the same results. Thus we assume that a = t + 3 and q ≤ a − 2. Since q ≥ t + 1 = a − 2, aq = (t + 3)(t + 1). This implies that r = 2n − aq < (t + 1)(t + 4) − (t + 1)(t + 3) = t + 1 = a − 2, so r ≤ a − 4 and 2q = a + (a − 4) ≥ a + r. On the other hand, q and a are both odd since q = a − 2. It follows that r = 2n − aq > 0. Thus we have q + r ≥ q + 1 = a − 1.
The proof of this lemma is constructive. Let X and Y be two partite sets of K n,n as described in Lemma 2.3. We are going to construct an equitable (q, ∞, 2)-tree-coloring of K n,n by distinguishing three cases.
We construct a coloring c of K n,n by letting In this case we can construct a coloring c of K n,n by letting Now we construct a coloring c of K n,n by setting Proof. Suppose, to the contrary, that K n,n admits an equitable (t, ∞, 2)-tree-coloring c. Since 2n = t(t + i), the size of every color class of c is exactly t + i. By Lemma 2.3, without loss of generation, we can assume |c(
. Here one should note that t had been supposed to be odd. Thus we have 2n = 2|X| ≥ 2(
Theorem 2.6. If K n,n is a complete bipartite graph and k
, and furthermore, this bound is sharp.
Proof. Note that in any (t, k, d)-tree-coloring of K n,n the diameter of the subgraph induced by the vertices of any color class is at most 2, because otherwise we would find a 4-cycle in K n,n with its incident vertices receiving a same color, a contradiction. Therefore we have va
⌋. One can easily check that t(t + 3) ≤ 2n < (t + 1)(t + 4). Hence by Lemma 2.4, we have va
. To show this bound is sharp, we investigate the graph G := K n,n with 2n = t(t + 3) and t being odd. Note 
are distinct vertices in G. If G − S has an equitable t-tree-coloring and |N
G (v i ) \ S | ≤ 2i − 1 for every 1 ≤ i ≤ t,
then G has an equitable t-tree-coloring.
Proof. Let G i = G \ {v 1 , · · · , v i }. It follows that G = G 0 and G − S = G t . Let c t be an equitable t-tree-coloring of G t . For every t ≥ i ≥ 1, we extend the equitable t-tree-coloring c i of G i to an equitable t-tree-coloring c i−1 of G i−1 by giving v i a color that is different from the colors in {c i (v i+1 ), · · · , c i (v t )} and that has been used on the neighbors of v i at most once. This is possible since |N G (v i ) \ S | ≤ 2i − 1 for every 1 ≤ i ≤ t. After t iterative extensions, one can check that the vertices in S receive different colors under the final coloring c 0 . Hence, c 0 is an equitable t-tree-coloring of G. 
Lemma 3.2. Every graph with maximum average degree less then

Proof. Suppose, to the contrary, that G contains none of the four configurations. It follows that δ(G) ≥ 2. Assign initial charge c(v) = d(v) to every vertex v ∈ V(G).
We now redistribute the charges of vertices in G according to Rules 1 and 2 below.
Rule 1. A 7
+ -vertex gives 2 3 to each of its 2-neighbors.
Rule 2. A 4
+ -vertex gives 1 6 to each of its 3-neighbors. One can check that the extended coloring of G is an equitable 3-tree-coloring. Otherwise, since 
Theorem 3.5. If G is a planar graph with girth at least 5, then G has an equitable t-tree-coloring for every t ≥ 3, that is, va
By Lemma 3.6, we have the following immediate corollary. Proof. By Theorem 3.5, we only need to show that G has an equitable 2-tree-coloring. We now apply induction on the order of G.
By Corollary 
then color x, x 1 by 2 and x 2 , x 3 by 1. In each case one can check that the extended coloring of G is an equitable 2-tree-coloring.
A graph is outerplanar if it can be drawn in the plane so that all vertices are lying on the outside face. It is easy to see that every outerplanar graph is planar. The following structural lemma for outerplanar graphs has been proved by many authors. 
Concluding remarks and open problems
First of all, we remark that the constructive proofs of Lemma 2.4, Theorem 2.2 and Theorem 2.6 yield linear-time algorithms to obtain an equitable (2
, k, ∞)-tree-coloring for every k ≥ 2 and an equitable (2⌊ n+1 3 ⌋, 1, 1)-tree-coloring of K n,n . Second, we would like to point out that the bounds for va Let G = K n,n be a complete bipartite graph and a be an integer. Now we consider the integral solution of the following equation on two nonnegative variables x and y ax + (a + 1)y = n. On the other hand, we can prove the following theorem. Proof. Let X and Y be the two partite sets of K n,n and let V 1 , · · · , V q be the color classes of the given equitable (q, 1, 1)-tree-coloring c. Since a ≥ 3, for every 1 ≤ i ≤ q we either have V i ⊆ X or V i ⊆ Y. That is to say, every color class of c is an independent set. This implies that X or Y can be partitioned into many parts so that the size of each part is either a or a + 1. Hence the equation (4.1) has two integral solutions ̥ 1 and ̥ 2 so that q = z 1 + z 2 .
We consider the graph K 43,43 for example. Now set a = 3 in the equation (4.1). We can collect all of the integral solutions of the equation (4.1); they are (1,10), (5,7), (9,4), (13, 1) . By Theorem 4.1, K 43,43 has an equitable (t, 1, 1)-tree-coloring for every 22 ≤ t ≤ 28. By Theorem 2.2, K 43,43 also has an equitable (t, 1, 1)-tree-coloring for every t ≥ 28. On the other hand, by Theorem 4.2, K 43,43 has no equitable (21, 1, 1)-tree-colorings. Thus va
